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HAMILTONIAN CIRCLE ACTIONS WITH FIXED POINT
SET ALMOST MINIMAL
HUI LI
Abstract. Motivated by recent works on Hamiltonian circle actions
satisfying certain minimal conditions, in this paper, we consider Hamil-
tonian circle actions satisfying an almost minimal condition. More pre-
cisely, we consider a compact symplectic manifold (M,ω) admitting a
Hamiltonian circle action with fixed point set consisting of two con-
nected components X and Y satisfying dim(X) + dim(Y ) = dim(M).
Under certain cohomology conditions, we determine the circle action,
the integral cohomology rings of M , X and Y , and the total Chern
classes of M , X, Y , and of the normal bundles of X and Y . The results
show that these data are unique — they are exactly the same as those
in the standard example G˜2(R
2n+2), the Grassmannian of oriented 2-
planes in R2n+2, which is of dimension 4n with (any) n ∈ N, equipped
with a standard circle action. Moreover, if M is Ka¨hler and the action
is holomorphic, we can use a few different criteria to claim that M is
S1-equivariantly biholomorphic and S1-equivariantly symplectomorphic
to G˜2(R
2n+2).
1. Introduction
Let the circle act effectively on a compact symplectic manifold (M,ω)
of dimension 2n with moment map φ : M → R. The fixed point set MS
1
,
which is the same as the critical set of φ, contains at least two connected
components — the minimum and the maximum of φ. In the case whenMS
1
consists of exactly two connected components, X and Y , sinceM is compact
and symplectic, by Morse-Bott theory, we must have
dim(X) + dim(Y ) + 2 ≥ dim(M).
In [9], we studied the case when the following minimal condition holds:
(1.1) dim(X) + dim(Y ) + 2 = dim(M).
Standard examples of manifolds satisfying (1.1) are CPn, and G˜2(R
n+2), the
Grassmannian of oriented 2-planes in Rn+2 with n > 1 odd, equipped with
standard circle actions. For the case when (1.1) holds, we classified the circle
action, the integral cohomology rings of M , X and Y , and the total Chern
classes ofM , X, Y , and of the normal bundles of X and Y . It turns out that
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these data on M are exactly as in the two families of standard examples. In
particular, b2i(M) = 1 and b2i−1(M) = 0 for all 0 ≤ 2i ≤ dim(M).
Note that for a compact symplectic manifold (M,ω), 0 6= [ω]i ∈ H2i(M ;R),
so we always have b2i(M) ≥ 1 for all 0 ≤ 2i ≤ dim(M). If b2i(M) = 1 for
some 2i, we say that the 2i-th Betti number of M is minimal. The even
Betti numbers of CPn and of G˜2(R
n+2) with n > 1 odd are all minimal.
Originally motivated by the classical Petrie’s conjecture, Tolman studied
Hamiltonian circle actions on compact 6-dimensional manifolds with mini-
mal even Betti numbers [13]. Then a number of work [10, 9, 8, 7, 12, 3, 4]
appeared about Hamiltonian circle actions on compact manifolds with mini-
mal even Betti numbers or with fixed point set satisfying a minimal condition∑
F⊂MS
1
(dim(F ) + 2) = dim(M) + 2,
where the F ’s are connected components of the fixed point set. These two
minimal conditions are closely related [9, Sec. 4]. In particular, the condition
of having minimal even Betti numbers implies the condition of fixed point
set satisfying the above equality.
We know an example, G˜2(R
2n+2), of dimension 4n, equipped with a stan-
dard Hamiltonian circle action, whose fixed point set consists of two con-
nected components X and Y satisfying the following almost minimal condi-
tion
(1.2) dim(X) + dim(Y ) = dim(M).
Note that b2i
(
G˜2(R
2n+2)
)
= 1 for 0 ≤ 2i ≤ 4n and 2i 6= 2n, b2n
(
G˜2(R
2n+2)
)
=
2, and b2i−1
(
G˜2(R
2n+2)
)
= 0 for all i. So the even Betti numbers of
G˜2(R
2n+2) are almost minimal.
In this paper, we look at Hamiltonian circle actions on compact manifolds
with fixed point set consisting of two connected components satisfying (1.2).
Let us first look at the standard example and the data on it.
Example 1.3. Let n ≥ 1, and let G˜2(R
2n+2) be the Grassmannian of ori-
ented 2-planes in R2n+2. This 4n-dimensional manifold is a coadjoint orbit
of SO(2n+2), so it is a symplectic (Ka¨hler) manifold and it admits a Hamil-
tonian SO(2n + 2) action.
There is a Hamiltonian S1 ⊂ SO(2n + 2) action on G˜2(R
2n+2) induced
by the S1 action on R2n+2 ∼= Cn+1 given by
λ · (z1, · · · , zn+1) = (λz1, · · · , λzn+1).
The fixed point set consists of two connected components X and Y , where
X ∼= Y ∼= CPn,
corresponding to the two orientations on the real 2-planes in P(Cn+1). The
S1/Z2 ∼= S
1 action on G˜2(R
2n+2) is semifree (i.e., free outside fixed points).
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Let [ω] be a primitive integral class on G˜2(R
2n+2) represented by the
symplectic form ω such that [ω|X ] = u and [ω|Y ] = v are also primitive
integral (such a form exists by Lemma 3.1 when n ≥ 2. If n = 1, G˜2(R
2n+2)
is diffeomorphic to S2×S2, we take ω = x1+x2, where x1 and x2 are positive
generators of H2(S2 × pt;Z) and H2(pt × S2;Z) respectively.). Then the
total Chern classes of G˜2(R
2n+2), X, Y , and of the normal bundles NX of
X and NY of Y are respectively as follows:
c
(
G˜2(R
2n+2)
)
=
(1 + [ω])2n+2
1 + 2[ω]
, in particular, c1
(
G˜2(R
2n+2)
)
= 2n[ω],
c(X) = (1 + u)n+1, c(Y ) = (1 + v)n+1,
c(NX) =
(1 + u)n+1
1 + 2u
, and c(NY ) =
(1 + v)n+1
1 + 2v
.
The integral cohomology groups of G˜2(R
2n+2) are:
H i
(
G˜2(R
2n+2);Z
)
=


Z if i is even and i 6= 2n,
Z⊕ Z if i = 2n,
0 if i is odd.
The integral cohomology ring of G˜2(R
2n+2) is
H∗
(
G˜2(R
2n+2);Z
)
=
{
Z[x, y]/
(
xn+1 − 2xy, y2
)
if n is odd,
Z[x, y]/
(
xn+1 − 2xy, y2 − xny
)
if n is even,
where x = [ω] and deg(y) = 2n.
These data also follow from the results of this paper. In the literature, the
cohomology ring H∗
(
G˜2(R
2n+2);Z
)
may be given differently using different
generators.
For the case when (1.1) holds, the condition (1.1) implies that the even
degree cohomology groups of X and Y are one dimensional, for the current
case when (1.2) holds, this is not true, see Remark 1.10. In this paper,
for the case when (1.2) holds, the idea is we assume one or two fixed point
components have the same even degree integral cohomology as some complex
projective spaces (just as in Example 1.3), we show that the important data
onM are exactly as in Example 1.3. These results, in particular, imply that
in the Ka¨hler case, M is unique up to S1-equivariant biholomorphism and
symplectomorphism.
Remark 1.4. In our main theorems, for dim(M) > 4, our assumption
grants that dimH2(M ;R) = 1, so up to scaling, we can assume the sym-
plectic class [ω] is primitive integral. This is not a serious assumption.
Now let us state our main results. First, the first Chern class c1(M)
is an important data, in particular for the Ka¨hler case. For the two fixed
point set components X and Y , with no loss of generality, we may assume
dim(X) ≥ 12 dim(M). With a condition on H
even(X;Z), we obtain a result
on the action and on c1(M) as follows.
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Theorem 1.5. Let (M,ω) be a compact symplectic manifold of dimension
bigger than 4 admitting an effective Hamiltonian S1 action with moment
map φ such that the fixed point set consists of two connected components X
and Y with dim(X)+dim(Y ) = dim(M). Assume [ω] is a primitive integral
class, dim(X) ≥ 12 dim(M), and H
even(X;Z) = Z[u]/u
1
2
dim(X)+1, where
u = [ω|X ]. Then dim(X) =
1
2 dim(M) and the following 3 conditions are
equivalent:
(1) the action is semifree,
(2) |φ(Y )− φ(X)| = 1, and
(3) c1(M) =
1
2 dim(M)[ω].
Assuming a condition on both fixed point set components, we obtain the
following results.
Theorem 1.6. Let (M,ω) be a compact symplectic manifold of dimension
bigger than 4 admitting an effective Hamiltonian S1 action such that the
fixed point set consists of two connected components X and Y with dim(X)+
dim(Y ) = dim(M). Assume [ω] is a primitive integral class, Heven(X;Z) =
Z[u]/u
1
2
dim(X)+1 and Heven(Y ;Z) = Z[v]/v
1
2
dim(Y )+1, where u = [ω|X ] and
v = [ω|Y ]. Then
(1) dim(X) = dim(Y ) = 2n, dim(M) = 4n, where n > 1,
(2) the action is semifree,
(3) H∗(X;Z) = Z[u]/un+1 and H∗(Y ;Z) = Z[v]/vn+1,
(4) H∗(M ;Z) ∼= H∗
(
G˜2(R
2n+2);Z
)
as rings,
(5) c(M) ∼= c
(
G˜2(R
2n+2)
)
, and
(6) c(X), c(Y ), c(NX) and c(NY ) are all isomorphic to those in Exam-
ple 1.3.
Remark 1.7. Theorems 1.5 and 1.6 do not hold for dimension 4. For
example, take (M,ω) = (Σg × S
2, x1 + 2x2), where Σg is a surface of genus
g ≥ 0, x1 is a positive H
2(Σg;Z) generator and x2 is a positive H
2(S2;Z)
generator. Let S1 act on M by fixing Σg and rotating semifreely on S
2.
Then X ∼= Y ∼= Σg, and the moment map image has length 2.
Let (M,ω) be 4-dimensional and satisfies the other conditions of Theo-
rem 1.6. Then the following things are true:
(a) dim(X) = dim(Y ) = 2, andX ∼= Y , (where ∼= means diffeomorphic.)
(b) the action is semifree, and
(c) c(NX) = c(NY ) = 1.
In fact, since the action is effective and X and Y are even dimensional,
dim(X) = dim(Y ) = 2; (b) easily follows; X ∼= Y follows by looking at
the symplectic reduced spaces at all values of the moment map; (c) is by
Lemma 4.2. If we pose the stronger assumption H∗(X;Z) = Z[u]/u2, and
still assume [ω|Y ] is primitive integral, then
(d) X ∼= Y ∼= S2, and
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(e) M is S1-equivariantly diffeomorphic to S2 × S2, where S1 acts on
S2 × S2 by fixing the first sphere and rotating semifreely on the
second sphere.
The claim (e) follows from (c) and (d). If we choose ω suitably such that
[ω|pt×S2 ] is primitive integral, then all the data are exactly as in Example 1.3
(for dimension 4), and |φ(Y )− φ(X)| = 1, where φ is the moment map.
If we assume H∗(M ;Z) ∼= H∗
(
G˜2(R
2n+2);Z
)
as rings, we can determine
all the other data for all dimensions.
Theorem 1.8. Let (M,ω) be a compact symplectic manifold admitting an
effective Hamiltonian S1 action such that the fixed point set consists of two
connected components X and Y with dim(X)+dim(Y ) = dim(M). Assume
H∗(M ;Z) ∼= H∗
(
G˜2(R
2n+2);Z
)
as rings. Then
(1) H∗(X;Z) ∼= H∗(Y ;Z) ∼= H∗(CPn;Z) as rings,
(2) the action is semifree,
(3) c(M) ∼= c
(
G˜2(R
2n+2)
)
, and
(4) c(X), c(Y ), c(NX) and c(NY ) are all isomorphic to those in Exam-
ple 1.3.
Let (M,ω, J) be a compact Ka¨hler manifold of complex dimension n,
and assume [ω] is an integral class. Then c1(M) = n[ω] implies that M is
biholomorphic to G˜2(R
n+2) [6]. Our main results Theorems 1.5, 1.6 and 1.8
and the method in [7] allow us to use various criteria to identify the following
Hamiltonian S1-Ka¨hler manifold with Example 1.3 in the S1-equivariant
complex and symplectic categories.
Theorem 1.9. Let (M,ω, J) be a compact Ka¨hler manifold of complex di-
mension 2n admitting an effective holomorphic Hamiltonian S1 action with
moment map φ such that the fixed point set consists of two connected com-
ponents X and Y with dim(X) + dim(Y ) = dim(M). Assume [ω] is a
primitive integral class (suitably chosen if dimC(M) = 2). Then any one
of the following conditions implies that M is S1-equivariantly biholomorphic
and symplectomorphic to G˜2(R
2n+2) as in Example 1.3.
(1) c1(M) = dimC(M)[ω].
(2) H∗(M ;Z) ∼= H∗
(
G˜2(R
2n+2);Z
)
as rings.
(3) H∗(X;Z) = Z[u]/udimC(X)+1 and H∗(Y ;Z) = Z[v]/vdimC(Y )+1, where
u = [ω|X ] and v = [ω|Y ].
(4) dimC(M) = 2n > 2, H
even(X;Z) = Z[u]/udimC(X)+1 and Heven(Y ;Z) =
Z[v]/vdimC(Y )+1.
(5) dimC(M) = 2n > 2, H
even(X;Z) = Z[u]/un+1, and the action is
semifree.
(6) dimC(M) = 2n > 2, H
even(X;Z) = Z[u]/un+1, and |φ(Y )−φ(X)| =
1.
In Theorem 1.9, (1) is the condition we will use to make the claim. The
conditions (1), (2) and (3) allow us to make the claim for any dimensions.
6 HUI LI
By Theorem 1.8, for the same dimensional manifolds, (2) implies all the
other conditions. Clearly, (3) implies (4) for dimension bigger than 4, and
(3) implies (1) for dimension 4 by Remark 1.7. By Theorem 1.6, (4) implies
(1) and (5) for dimension bigger than 4. By Theorem 1.5, (5) and (6) are
equivalent, and they imply (1) for dimension bigger than 4.
Remark 1.10. For the case when (1.1) holds, in [9, Prop. 4.2], we showed
that condition (1.1) implies that the even degree cohomology groups of X
and Y are all one dimensional. This is not true for the case when (1.2)
holds. A counter example is: take M = CP1×CPn, and let S1 act on M by
λ · ([z0, z1]× [w0, w1, · · · , wn]) = [z0, z1]× [w0, λw1, · · · , λwn].
The two fixed point components are X = CP1 × pt and Y = CP1 × CPn−1
satisfying (1.2). Hence condition (1.2) itself does not allow us to weaken the
assumptions of our theorems.
The organization of the paper is as follows. In Section 2, we give some
preliminary results for the next sections. In Section 3, we prove Theorem 1.5.
In Sections 4 – 8, we assume the condition on the even degree cohomology
groups of both fixed point set components as in Theorem 1.6. In Section 4,
we use the condition to rule out non-semifree actions. In Section 5, we
determine the equivariant Euler classes of the normal bundles of the fixed
point set components. This is an important step for the next two sections.
In Section 6, we determine the integral cohomology rings of the fixed point
set components. In Section 7, we obtain the total Chern classes of the
fixed point sets and of their normal bundles. In Section 8, we obtain the
integral cohomology ring and total Chern class of the manifoldM and prove
Theorem 1.6. In Section 9, we prove Theorem 1.8, and in Section 10, we
consider the Ka¨hler case and prove Theorem 1.9.
Acknowledgement. The author would like to thank the referee for some com-
ments which help to improve the exposition.
This work is supported by the NSFC grant K110712116.
2. some preliminaries
In this section, we state and prove some preliminary results which we will
use in the next sections. In this paper, we will use equivariant cohomology
techniques. We refer to [9] for the basic material and summary of useful
facts about S1-equivariant cohomology.
First, let us set up some notations:
(1) H∗
S1
(M ;R) — the S1-equivariant cohomology of the S1-manifold M
with coefficient ring R.
(2) t — a generator of H2
S1
(pt;Z) = H2(CP∞;Z).
(3) NX — the normal bundle of a submanifold X in a manifold.
(4) eS
1
(NF ) — the S
1-equivariant Euler class of the normal bundle NF
of a fixed point set component F in an S1-manifold.
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(5) cS
1
(NF ) — the S
1-equivariant total Chern class of the normal bundle
NF of a fixed point set component F in an S
1-manifold.
(6) cS
1
(M) — the S1-equivariant total Chern class of the S1-manifold
M .
(7) ΓF — the sum of the weights of the S
1 action on the normal bundle
of the fixed point set component F in an S1-manifold.
The following elementary fact is essential in applications.
Lemma 2.1. Let the circle act on a compact symplectic manifold (M,ω)
with moment map φ : M → R, such that MS
1
consists of two connected
components X and Y . Assume [ω] is an integral class. Then there exists
u˜ ∈ H2
S1
(M ;Z) such that
u˜|X = [ω|X ], and u˜|Y = [ω|Y ] +
(
φ(X)− φ(Y )
)
t.
In particular, φ(X)−φ(Y ) ∈ Z. Moreover, if Zk ( S
1 is the stabilizer group
of some point on M , then k | (φ(X)− φ(Y )).
Proof. For the existence of u˜, see [9, Lemma 2.7]. If Zk is the stabilizer
group of some point, then the submanifold MZk fixed by Zk contains X and
Y , and the S1/Zk ∼= S
1 action on MZk has moment map φ′ = φ
k
. Apply the
first claim on MZk for the S1/Zk ∼= S
1 action, we get φ′(X) − φ′(Y ) ∈ Z,
which means k | (φ(X) − φ(Y )). 
Using Lemma 2.1, we get the following result on eS
1
(NX), which will be
an important tool in our proofs.
Lemma 2.2. Let (M,ω) be a compact symplectic manifold admitting a
Hamiltonian S1 action with moment map φ such that MS
1
consists of two
connected components X and Y . Assume [ω] is an integral class. Then there
exists λ ∈ H∗
S1
(X;Z) such that
λeS
1
(NX) =
(
[ω|X ] + t
(
φ(Y )− φ(X)
)) 1
2
dim(Y )+1
.
Proof. Since [ω] is an integral class, by Lemma 2.1, there exists u˜ ∈ H2
S1
(M ;Z)
such that
u˜|X = [ω|X ] and u˜|Y = [ω|Y ] + t
(
φ(X)− φ(Y )
)
.
So
(2.3)
(
u˜+ t
(
φ(Y )− φ(X)
)) 1
2
dim(Y )+1
|Y = 0.
Let M− = {m ∈ M |φ(X) < φ(m)}. Consider the long exact sequence for
the pair (M,M−) in equivariant cohomology:
· · · → H∗
S1
(M,M−;Z) → H∗
S1
(M ;Z) → H∗
S1
(M−;Z) → · · ·
↓∼= ↓ ↓∼=
H
∗−codim(X)
S1
(X;Z) → H∗
S1
(X;Z) → H∗
S1
(Y ;Z)
Here, the first vertical map is the Thom isomorphism, the second vertical
map is the restriction, the third vertical map is an isomorphism since M−
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is homotopy equivalent to Y , and the first horizontal map on the second
row is multiplication by eS
1
(NX). Combining (2.3), we get that there exists
λ ∈ H
dim(Y )+2−codim(X)
S1
(X;Z) such that
λeS
1
(NX) =
(
u˜+ t
(
φ(Y )− φ(X)
)) 1
2
dim(Y )+1
|X
=
(
[ω|X ] + t
(
φ(Y )− φ(X)
)) 1
2
dim(Y )+1
.

Next we introduce the localization formula due to Atiyah-Bott, and Berline-
Vergne [1, 2].
Theorem 2.4. Let the circle act on a compact oriented manifold M . Fix a
class α ∈ H∗
S1
(M ;Q). Then as elements of Q(t),∫
M
α =
∑
F⊂MS
1
∫
F
α|F
eS1(NF )
,
where the sum is over all fixed point set components.
For the integral on M or on F , only the term containing the volume form
of the corresponding manifold contributes to the integral.
In later sections, when we use Theorem 2.4, we will encounter a pure
algebraic fact:
Lemma 2.5. Let n ∈ N and n ≥ 2. Let An, Bn−1 and Cn−2 be respectively
the coefficients of wn, wn−1 and wn−2 in (1 +w+w2 + · · ·+wn)n+1. Then
An = 2Bn−1 6= 0 and Bn−1 6= 2Cn−2 6= 0.
Proof. Using induction on k, we can prove
(1 + w + · · ·+ wn + · · · )k+1 =
∞∑
n=0
(
n+ k
k
)
wn.
So
An =
(
2n
n
)
, Bn−1 =
(
2n− 1
n
)
, and Cn−2 =
(
2n − 2
n
)
.
It is easy to check that for n ≥ 2, An = 2Bn−1 6= 0 and Bn−1 > 2Cn−2 6=
0. 
Next we state the relation between the total Chern class, the equivariant
total Chern class, and the equivariant Euler class of an S1-(almost) complex
vector bundle over a compact manifold.
Lemma 2.6. [9, Lemma 2.4] Let the circle act on a complex vector bundle
E of complex rank d over a compact manifold X so that ES
1
= X. Assume
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that there exists a non-zero λ ∈ Z so that the circle acts on E with weight
λ. Then there exists ci ∈ H
2i(X;Z) for all 0 ≤ i ≤ d such that
c(E) = 1 + c1 + · · · + cd−1 + cd,
cS
1
(E) = (1 + λt)d + c1(1 + λt)
d−1 + · · ·+ cd−1(1 + λt) + cd, and
eS
1
(E) = (λt)d + c1(λt)
d−1 + · · ·+ cd−1(λt) + cd.
Here, c(E), cS
1
(E), and eS
1
(E) are the total Chern class of E, the equivari-
ant total Chern class of E, and the equivariant Euler class of E, respectively.
When we work with eS
1
(NX) in later sections, we will need the following
result.
Lemma 2.7. Let n > 1 and n ∈ N, m ∈ N, a0, a1, · · · , an ∈ Z, t and u be
variables. If(
t+
a0
m
u
)
(tn + a1t
n−1u+ · · ·+ anu
n) =
(
t+
u
m
)n+1
mod un+1, or
t
(
t+
a0
m
u
)
(tn−1 + a1t
n−2u+ · · ·+ an−1u
n−1) =
(
t+
u
m
)n+1
mod un+1
holds, then m = 1.
Proof. Comparing the coefficients of tun on both sides of the equality, we
get
mn−1|(n + 1).
So m = 1 if n ≥ 4. For n = 2 and n = 3, if m 6= 1, then m = 3 and
m = 2 respectively, for these two possibilities, comparing the coefficients
containing u and u2 on both sides of the equality, we see that they are not
possible. Hence m = 1 for all n ≥ 2. 
3. proof of Theorem 1.5
In this section, we prove Theorem 1.5.
First, we prove two elementary lemmas.
Lemma 3.1. Let (M,ω) be a compact symplectic manifold admitting a
Hamiltonian S1 action such that MS
1
consists of two connected components
X and Y . If codim(Y ) > 2, then b2(M) = b2(X), and [ω] is primitive in-
tegral if and only if [ω|X ] is primitive integral. Similarly, if codim(X) > 2,
then b2(M) = b2(Y ), and [ω] is primitive integral if and only if [ω|Y ] is
primitive integral.
Proof. Let φ be the moment map and assume φ(X) < φ(Y ). Using φ as
a Morse-Bott function, codim(Y ) is the Morse index of Y . If codim(Y ) >
2, then the restriction map H2(M ;Z) → H2(X;Z) is an isomorphism, so
b2(M) = b2(X), and [ω] is primitive integral if and only if u = [ω|X ] is
primitive integral. Similarly, using −φ, we get the other claims. 
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Lemma 3.2. Let (M,ω) be a compact symplectic manifold admitting a
Hamiltonian S1 action such that MS
1
consists of two connected components
X and Y with dim(X) + dim(Y ) = dim(M). If dim(X) ≥ 12 dim(M) and
b2i(X) = 1 for all 0 ≤ 2i ≤ dim(X), then dim(X) =
1
2 dim(M).
Proof. Let φ be the moment map and assume φ(X) < φ(Y ). Since φ is a
perfect Morse-Bott function, we have
(3.3) dimH i(M) = dimH i(X) + dimH i−codim(Y )(Y ), ∀ i.
In our case, codim(Y ) = dim(X) = 2k for some k. So b2i(X) = 1, ∀ 0 ≤
2i ≤ 2k implies that
(3.4) b2i(M) = 1, ∀ 0 ≤ 2i < 2k, and b2k(M) = 2.
If dim(X) > 12 dim(M), then dim(M) − 2k < 2k. Since M is compact
and oriented, by Poinca´re duality, bdim(M)−2k(M) = b2k(M) = 2, which
contradicts (3.4). 
The next result, Proposition 3.5, is a main step toward proving Theo-
rem 1.5. It is also an important step for determining eS
1
(NX).
Proposition 3.5. Let (M,ω) be a compact symplectic manifold of dimen-
sion bigger than 4 admitting a Hamiltonian S1 action with moment map φ
such thatMS
1
consists of two connected components X and Y with dim(X)+
dim(Y ) = dim(M) and φ(X) < φ(Y ). Assume [ω] is a primitive integral
class, 2n = dim(X) ≥ 12 dim(M), and H
even(X;Z) = Z[u]/un+1, where
u = [ω|X ]. If the action is semifree, then
φ(Y )− φ(X) = 1,
and there exists a0 ∈ Z such that
(t+ a0u)e
S1(NX) = (t+ u)
n+1.
Proof. By the assumptions and Lemma 3.2, 2n = dim(X) = 12 dim(M) =
dim(Y ) > 2. Since codim(Y ) = dim(X) > 2, by Lemma 3.1, u = [ω|X ] is
primitive integral.
Since [ω] is an integral class, φ(Y )− φ(X) = m ∈ N.
By Lemma 2.2, there exists λ ∈ H∗
S1
(X;Z) such that
(3.6) λeS
1
(NX) = (mt+ u)
n+1 .
Since the action is semifree, and rankC(NX) =
1
2 dim(Y ) = n, by Lemma 2.6,
and the assumption Heven(X;Z) = Z[u]/un+1, we have
eS
1
(NX) = t
n + a1t
n−1u+ · · ·+ anu
n, where ai ∈ Z, ∀ i.
By degree reasons and by comparing the coefficients of tn+1 on both sides
of (3.6), we may let
λ = mn+1t+ au, with a ∈ Z.
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Comparing the coefficients of tnu on both sides of (3.6), we get
a = a0m
n for some a0 ∈ Z.
So we may write (3.6) as
(3.7)
(
t+
a0
m
u
)
(tn + a1t
n−1u+ · · ·+ anu
n) =
(
t+
u
m
)n+1
mod un+1.
By Lemma 2.7, m = 1. Both claims follow. 
To prove Theorem 1.5, let us also recall the following results.
Lemma 3.8. [7, Lemma 2.3] Let the circle act on a connected compact
symplectic manifold (M,ω) with moment map φ : M → R. Assume b2(M) =
1. Then
c1(M) =
ΓF − ΓF ′
φ(F ′)− φ(F )
[ω],
where F and F ′ are any two fixed components such that φ(F ′) 6= φ(F ).
Proposition 3.9. [9, Proposition 7.5] Let (M,ω) be a compact symplectic
manifold admitting an effective Hamiltonian S1 action with moment map φ
such that MS
1
consists of two connected components X and Y with φ(X) <
φ(Y ). Then the set of distinct weights of the S1 action on the normal bundles
NX of X and NY of Y are respectively {1, 2, · · · , N} and {−1,−2, · · · ,−N}
for some N ∈ N.
Now we are ready to prove Theorem 1.5.
Proof of Theorem 1.5. With no loss of generality, assume φ(X) < φ(Y ).
By Lemma 3.2, dim(X) = 12 dim(M). The fact codim(Y ) > 2 and
Lemma 3.1 imply that b2(M) = b2(X) = 1.
By Proposition 3.5, (1) =⇒ (2). Conversely, if there exists any nontrivial
finite stabilizer, then by Lemma 2.1, φ(Y )− φ(X) > 1. Hence (2) =⇒ (1).
If the action is semifree, then ΓX = rankC(NX) =
1
2 dim(Y ), and similarly
ΓY = −
1
2 dim(X). Moreover, by the last step, φ(Y ) − φ(X) = 1. Then (3)
follows from Lemma 3.8. This shows (1) =⇒ (3).
To prove (3) =⇒ (1), we only need b2(X) = b2(M) = 1. Assume the
action is not semifree. By Propositions 4.1 and 3.9, dim(X) = dim(Y ), and
the set of distinct weights on NX is {1, 2, · · · , N} for some N > 1. Let mi
be the multiplicity of the weight i on NX . Then
∑
imi = rankC(NX) =
1
2 dim(Y ), and
ΓX = NmN + (N − 1)mN−1 + · · · 1 ·m1 < N
1
2
dim(Y ), and ΓY = −ΓX .
By Lemma 2.1, φ(Y )− φ(X) ≥ N · (N − 1). By Lemma 3.8,
c1(M) =
ΓX − ΓY
φ(Y )− φ(X)
[ω] =
2ΓX
φ(Y )− φ(X)
[ω],
12 HUI LI
and by the information above,
2ΓX
φ(Y )− φ(X)
< dim(Y ) =
1
2
dim(M),
contradicting to c1(M) =
1
2 dim(M)[ω]. 
4. determining the action
In this section, under a cohomology condition on both fixed point set
components, we prove that non-semifree actions do not exist.
First, let us look at what stabilizer groups can occur.
Proposition 4.1. [9, Lemma 7.1 and Proposition 7.9] Let (M,ω) be a com-
pact symplectic manifold admitting an effective Hamiltonian S1 action with
MS
1
consisting of two connected components X and Y . Suppose that the
action is not semifree. Then
(1) dim(X) = dim(Y ), and
(2) if additionally b2i(X) = 1 for all 0 ≤ 2i ≤ dim(X), then the only
finite stabilizer groups are 1 and Z2, and dim(M
Z2) − dim(X) = 2
or dim(M)− dim(MZ2) = 2 or both.
The next fact was implied by [9, Lemma 7.6], but was stated differently.
We state it as follows, and will use it twice.
Lemma 4.2. Let (M,ω) be a compact symplectic manifold admitting a
Hamiltonian S1 action such that MS
1
consists of two connected compo-
nents X and Y such that dim(M) − dim(X) = dim(M) − dim(Y ) = 2.
Assume b2(X) = b2(Y ) = 1, [ω|X ] and [ω|Y ] are both primitive integral.
Then c1(NX) = c1(NY ) = 0.
Next, in Lemmas 4.3 and 4.9, assuming a cohomology condition on one
fixed set component, we determine the equivariant Euler class of its normal
bundle.
Lemma 4.3. Let (M,ω) be a compact symplectic manifold admitting an
effective non-semifree Hamiltonian S1 action with moment map φ such that
MS
1
consists of two connected components X and Y with dim(X)+dim(Y ) =
dim(M) and φ(X) < φ(Y ). Assume [ω] is a primitive integral class, and
Heven(X;Z) = Z[u]/un+1, where u = [ω|X ] and 2n = dim(X). Then
dim(X) = dim(Y ) = 2n ≥ 6, the only finite stabilizer groups are 1 and Z2,
and
(4.4) dim(MZ2)− dim(X) > 2, dim(M)− dim(MZ2) = 2,
(4.5) φ(Y )− φ(X) = 2, and eS
1(
NMZ2
)
|X = t+ u.
Proof. Since the action is not semifree, by Proposition 4.1, dim(X) = dim(Y ) =
codim(Y ) = 2n for some n ≥ 2. By Lemma 3.1, b2(X) = b2(M) = b2(Y ) =
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1, u = [ω|X ] and v = [ω|Y ] are primitive integral. After (4.4) is shown, we
get 2n ≥ 6.
Since b2i(X) = 1 for all 0 ≤ 2i ≤ 2n, by Proposition 4.1, the only finite
stabilizer groups are 1 and Z2. Since [ω] is integral, m = φ(Y )− φ(X) ∈ N.
Since there is Z2 stabilizer, by Lemma 2.1,
(4.6) 2 |m.
Assume instead dim(MZ2)− dim(X) = 2. Then by Lemmas 4.2 and 2.6,
eS
1
(NM
Z2
X ) = 2t,
where NM
Z2
X is the normal bundle of X in M
Z2 . The action on NMZ2 |X is
semifree, and rankC
(
NMZ2 |X
)
= n− 1. Since Heven(X;Z) = Z[u]/un+1, by
Lemma 2.6, we may write
eS
1
(NMZ2 )|X = t
n−1 + a1t
n−2u+ · · · + an−1u
n−1, with ai ∈ Z, ∀ i.
We have
(4.7) eS
1
(NX) = e
S1(NM
Z2
X )e
S1(NMZ2 )|X .
By Lemma 2.2, there exist a, b ∈ Z such that
(at+ bu) · 2t · (tn−1 + a1t
n−2u+ · · ·+ an−1u
n−1) = (mt+ u)n+1.
Comparing the coefficients of tn+1 and tnu on both sides, we get that there
exists a0 ∈ Z such that
t
(
t+
a0
m
u
)
(tn−1 + a1t
n−2u+ · · ·+ an−1u
n−1) =
(
t+
u
m
)n+1
mod un+1.
By Lemma 2.7, m = 1, which contradicts (4.6). Together with Proposi-
tion 4.1, (4.4) follows.
Since dim(MZ2)− dim(X) > 2 and b2(X) = 1, by [9, Lemma 7.7],
(4.8) c1
(
NMZ2
)
|X = 2
Γ1
m
u =
2
m
u,
where Γ1 is the sum of the weights 1’s on the normal bundle to X, which
is 1 here. Since 2
m
needs to be an integer, we have m | 2. Together with
(4.6), (4.8), and that NMZ2 |X is a complex line bundle and the weight of the
action on it is 1, (4.5) follows. 
Lemma 4.9. Assume the assumptions of Lemma 4.3 hold. Then dim(X) =
dim(Y ) = 2n with n ≥ 3 being odd, and
4t eS
1
(NX) = (2t+ u)
n+1.
Proof. By Lemma 4.3, dim(X) = dim(Y ) = 2n ≥ 6, and
φ(Y )− φ(X) = 2, and eS
1(
NMZ2
)
|X = t+ u.
By (4.4) and Lemma 2.6, we may write
eS
1
(NM
Z2
X ) = (2t)
n−1 + a1(2t)
n−2u+ · · · + an−1u
n−1, with ai ∈ Z, ∀ i.
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By (4.7) and Lemma 2.2, there exist c, d ∈ Z such that
(ct+ du)(t+ u)
(
(2t)n−1 + a1(2t)
n−2u+ · · · + an−1u
n−1
)
= (2t+ u)n+1.
Comparing the coefficients of tn+1 and of tnu on both sides, we get c = 4,
and d = 2a0 for some a0 ∈ Z. Hence
(4.10) (2t+ a0u)(2t + 2u)
(
(2t)n−1 + a1(2t)
n−2u+ · · ·+ an−1u
n−1
)
= (2t+ u)n+1 mod un+1.
So there exists λ ∈ C such that (2t + u)n+1 + (λu)n+1, as a polynomial,
is equal to the left hand side of (4.10). We have 1 + λn+1 = 2a0an−1 (by
comparing the coefficients of un+1 on both sides), and
(2t+ u)n+1 + (λu)n+1 =
n∏
k=0
(
2t+ u+ e
2pik
√
−1
n+1 λu
)
.
Since there is a linear factor 2t + 2u on the left hand side of (4.10), there
exists a k such that e
2pik
√
−1
n+1 λu = u. So |λ| = 1. Since there is another linear
factor 2t+ a0u on the left hand side of (4.10), there is another k
′ such that
e
2pik
′√−1
n+1 λu is real and it must be −u. Hence n must be odd, and the linear
factor 2t+ a0u = 2t. 
Now, we reach our final result of this section:
Proposition 4.11. There exists no compact symplectic manifold (M,ω) ad-
mitting an effective non-semifree Hamiltonian S1 action such that MS
1
con-
sists of two connected components X and Y satisfying dim(X) + dim(Y ) =
dim(M), Heven(X;Z) = Z[u]/u
1
2
dim(X)+1 and Heven(Y ;Z) = Z[v]/v
1
2
dim(Y )+1,
where u = [ω|X ], v = [ω|Y ] and [ω] is integral.
Proof. Assume such a symplectic manifold (M,ω) exists, the moment map
is φ and φ(X) < φ(Y ). By Lemma 4.3, dim(X) = dim(Y ) = 2n for some
n ≥ 3. We may assume [ω] is primitive. By Lemma 4.9,
eS
1
(NX) =
(2t+ u)n+1
4t
.
Similarly, by symmetry,
eS
1
(NY ) =
(−2t+ v)n+1
−4t
.
Using Theorem 2.4 to integrate 1 on M , we get
0 =
∫
X
1
eS1(NX)
+
∫
Y
1
eS1(NY )
,
from which, we get
(4.12) 0 =
∫
X
1
(2t+ u)n+1
+ (−1)n
∫
Y
1
(2t− v)n+1
.
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Let w = −u, then wn = (−1)nun, so
∫
X
wn = (−1)n. From (4.12), we get
(4.13) 0 =
∫
X
1(
1− w2t
)n+1 + (−1)n
∫
Y
1(
1− v2t
)n+1 .
We have
1(
1− w2t
)n+1 = (1 + w2t + · · · + (w2t)n
)n+1
.
Let A be the coefficient of
(
w
2t
)n
in this expression. Then A > 0, and A is
also the coefficient of
(
v
2t
)n
in 1(
1− v
2t
)n+1 . Then (4.13) gives
0 = (−1)nA+ (−1)nA, a contradiction.

5. The equivariant Euler classes of the normal bundles of the
fixed point sets
In this section, assuming a cohomology condition on both fixed point
set components, we determine the equivariant Euler classes of the normal
bundles of the fixed point set components.
Proposition 5.1. Let (M,ω) be a compact symplectic manifold admitting
an effective Hamiltonian S1 action with moment map φ such that MS
1
consists of two connected components X and Y with dim(X) + dim(Y ) =
dim(M) and φ(X) < φ(Y ). Assume [ω] is primitive integral,
Heven(X;Z) = Z[u]/u
1
2
dim(X)+1 and Heven(Y ;Z) = Z[v]/v
1
2
dim(Y )+1,
where u = [ω|X ] and v = [ω|Y ]. Then the action must be semifree, dim(X) =
dim(Y ) = 2n with n ≥ 1,
(5.2) eS
1
(NX) =
(t+ u)n+1
t+ 2u
, and eS
1
(NY ) =
(−t+ v)n+1
−t+ 2v
.
Proof. By Proposition 4.11, the action must be semifree.
Since dim(X) + dim(Y ) = dim(M), we have dim(X) ≥ 12 dim(M) or
dim(Y ) ≥ 12 dim(M). By Lemma 3.2, we get dim(X) = dim(Y ) = 2n =
1
2 dim(M) for some n ≥ 1.
First, assume n = 1, i.e., dim(X) = dim(Y ) = 2 and dim(Y ) = 4. In this
case rankC(NX) = rankC(NY ) = 1. The assumption H
2(X;Z) = Z[u]/u2
and H2(Y ;Z) = Z[v]/v2 means that u and v are both primitive integral. By
Lemma 4.2,
eS
1
(NX) = t+ 0u, and e
S1(NY ) = −t+ 0v.
Hence (5.2) holds for dimension 4.
Next, assume n > 1. By Proposition 3.5,
eS
1
(NX) =
(t+ u)n+1
t+ au
, with a ∈ Z.
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Similarly, by symmetry,
eS
1
(NY ) =
(−t+ v)n+1
−t+ bv
, with b ∈ Z.
Using Theorem 2.4 to integrate 1 on M , we get∫
X
1
eS
1
(NX)
+
∫
Y
1
eS
1
(NY )
= 0,
from which we get∫
X
t+ au
(t+ u)n+1
+ (−1)n
∫
Y
t− bv
(t− v)n+1
= 0.
Let w = −u, then wn = (−1)nun, and
∫
X
wn = (−1)n. The above integral
becomes∫
X
(
t−aw
)(
1+
w
t
+· · ·+
(w
t
)n)n+1
+(−1)n
∫
Y
(
t−bv
)(
1+
v
t
+· · ·+
(v
t
)n)n+1
= 0.
Let An and Bn−1 be respectively the coefficients of
(
w
t
)n
and
(
w
t
)n−1
in the
expression
(
1 + w
t
+ · · ·+ (w
t
)n
)n+1
. Then the above integral gives
(−1)n(An − aBn−1) + (−1)
n(An − bBn−1) = 0.
By Lemma 2.5, An = 2Bn−1 6= 0. So
(5.3) a+ b = 4.
Next, we integrate cS
1
1 (M) on M . By Theorem 1.5, c1(M)|X = 2nu and
c1(M)|Y = 2nv. Moreover, ΓX = n and ΓY = −n. So we have
cS
1
1 (M)|X = nt+ 2nu, and c
S1
1 (M)|Y = −nt+ 2nv.
Since dim(M) > 2, we have∫
X
cS
1
1 (M)|X
eS1(NX)
+
∫
Y
cS
1
1 (M)|Y
eS1(NY )
= 0.
Similar to the above, let w = −u, we get∫
X
(nt− 2nw)(t− aw)
(t− w)n+1
+ (−1)n−1
∫
Y
(nt− 2nv)(t − bv)
(t− v)n+1
= 0,
from which we get∫
X
(
nt2 − (2n + na)tw + 2naw2
)(
1 +
w
t
+ · · ·+
(w
t
)n)n+1
+(−1)n−1
∫
Y
(
nt2 − (2n + nb)tv + 2nbv2
)(
1 +
v
t
+ · · ·+
(v
t
)n)n+1
= 0.
Let Cn−2 be the coefficient of
(
w
t
)n−2
in
(
1+ w
t
+ · · ·+(w
t
)n
)n+1
. Then the
integral gives
(−1)n
(
nAn − (2n + na)Bn−1 + 2naCn−2
)
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+(−1)n−1
(
nAn − (2n + nb)Bn−1 + 2nbCn−2
)
= 0.
This simplifies to
(a− b)(Bn−1 − 2Cn−2) = 0.
By Lemma 2.5, Bn−1 6= 2Cn−2 6= 0. So
(5.4) a = b.
By (5.3) and (5.4), a = b = 2, so (5.2) follows. 
6. the integral cohomology rings of the fixed point sets
In this section, for dim(M) > 4, with the cohomology condition in even de-
grees on both fixed set components, we find the ringH∗(X;Z) andH∗(Y ;Z).
Lemma 6.1. Let (M,ω) be a compact symplectic manifold of dimension
bigger than 4 admitting a Hamiltonian S1 action such that MS
1
consists
of two connected components X and Y with dim(X) + dim(Y ) = dim(M).
Assume [ω] is primitive integral,
Heven(X;Z) = Z[u]/u
1
2
dim(X)+1 and Heven(Y ;Z) = Z[v]/v
1
2
dim(Y )+1,
where u = [ω|X ] and v = [ω|Y ]. Then dim(X) = dim(Y ) = 2n > 2,
H∗(X;Z) = Z[u]/un+1 and H∗(Y ;Z) = Z[v]/vn+1.
Proof. Let φ be the moment map and assume φ(X) < φ(Y ). By quotienting
out a finite subgroup action if necessary, we may assume the action is effec-
tive. By Proposition 5.1, the action is semifree, dim(X) = dim(Y ) = 2n > 2
(we assumed dim(M) > 4), and
eS
1
(NY ) = (−t)
n + (n− 1)v(−t)n−1 + lower order terms
= (−1)n
(
tn + (1− n)vtn−1 + lower order terms
)
.
By [9, Lemma 8.5], if there exists a class u˜ such that u˜|x = 0, ∀x ∈ X and
u˜|y 6= 0, ∀ y ∈ Y , and there exists a class µ˜ such that µ˜|Y = (1 − n)v (the
degree 2 term, the coefficient of tn−1 in eS
1
(NY ) above) and µ˜|x 6= −nt,
∀x ∈ X, then
H2k+1(X;R) = 0 and H2k+1(X;Zp) = 0
for all k and all prime numbers p. By Lemma 2.1, the required u˜ exists.
Note that by Theorem 1.5, φ(Y )− φ(X) = 1. We may take
µ˜ = (1− n)u˜+ (1− n)
(
φ(Y )− φ(X)
)
t = (1− n)u˜+ (1− n)t.
By the universal coefficient theorem, H∗(X;Z) has no torsion, and no odd
degree terms. So H∗(X;Z) = Z[u]/un+1 holds. Similarly, the claim holds
for Y . 
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7. the total Chern classes of the fixed point sets and of their
normal bundles
In this section, we compute c(NX ), c(NY ), c(X) and c(Y ).
First, Proposition 5.1 and Lemma 2.6 give us c(NX) and c(NY ).
Lemma 7.1. Let (M,ω) be a compact symplectic manifold admitting a
Hamiltonian S1 action such that MS
1
consists of two connected components
X and Y with dim(X) + dim(Y ) = dim(M). Assume [ω] is primitive inte-
gral,
Heven(X;Z) = Z[u]/u
1
2
dim(X)+1 and Heven(Y ;Z) = Z[v]/v
1
2
dim(Y )+1,
where u = [ω|X ] and v = [ω|Y ]. Then dim(X) = dim(Y ) = 2n with n ≥ 1,
c(NX) =
(1 + u)n+1
1 + 2u
, and c(NY ) =
(1 + v)n+1
1 + 2v
.
To get c(X) and c(Y ), we will use Proposition 5.1, Lemma 6.1 and the
following result.
Proposition 7.2. [9, Prop. 5.1 and Cor. 5.2] Let (M,ω) be a compact
symplectic manifold admitting a Hamiltonian S1 action with moment map
φ such that MS
1
consists of two connected components X and Y . Assume
the action is semifree or H∗(MS
1
;Z) has no torsion. Then there is an
isomorphism
f : H∗S1(X;Z)/e
S1(NX)→ H
∗
S1(Y ;Z)/e
S1(NY ) such that
f(α˜|X) = α˜|Y , ∀ α˜ ∈ H
∗
S1(M ;Z).
In particular, if [ω] is integral, then
f([ω|X ]) = [ω|Y ] + t (φ(X)− φ(Y )) .
Proposition 7.3. Let (M,ω) be a compact symplectic manifold of dimen-
sion bigger than 4 admitting a Hamiltonian S1 action such that MS
1
consists
of two connected components X and Y with dim(X) + dim(Y ) = dim(M).
Assume [ω] is primitive integral,
Heven(X;Z) = Z[u]/u
1
2
dim(X)+1 and Heven(Y ;Z) = Z[v]/v
1
2
dim(Y )+1,
where u = [ω|X ] and v = [ω|Y ]. Then dim(X) = dim(Y ) = 2n > 2,
(7.4) c(X) = (1 + u)n+1, and c(Y ) = (1 + v)n+1.
Proof. Let φ be the moment map, and assume φ(X) < φ(Y ).
We may assume the action is effective. By Proposition 5.1, the action is
semifree, dim(X) = dim(Y ) = 2n > 2, and together with Lemma 2.6, we
have
(7.5) cS
1
(NX) =
(1 + t+ u)n+1
1 + t+ 2u
, and cS
1
(NY ) =
(1− t+ v)n+1
1− t+ 2v
.
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By Theorem 1.5,
(7.6) φ(Y )− φ(X) = 1.
Since Heven(X;Z) = Z[u]/un+1, we may assume
(7.7) c(X) = 1 + a1u+ · · ·+ aiu
i + · · ·+ anu
n, with ai ∈ Z for 1 ≤ i ≤ n.
Moreover, by Lemma 6.1, Hodd(X;R) = 0. So by the Euler characteristic
formula, we first get
an =
∫
X
anu
n =
n∑
i=0
(−1)i dimH i(X;R) = n+ 1.
Next, we compute the other ai’s. We have that
(7.8) cS
1
(M)|X = c
S1(NX)c(X), and c
S1(M)|Y = c
S1(NY )c(Y ),
and we may similarly write
(7.9) c(Y ) = 1 +
n∑
i=1
biv
i with bi ∈ Z.
Consider the map f in Proposition 7.2 composed with the restriction map
H∗
S1
(Y ;Z)/eS
1
(NY )→ H
∗
S1
(y;Z)/(−t)n, where y ∈ Y is a point,
g : H∗S1(X;Z)/e
S1(NX)→ H
∗
S1(Y ;Z)/e
S1(NY )→ H
∗
S1(y;Z)/(−t)
n.
First, by (7.6), we have
g(u) =
(
v + (φ(X) − φ(Y ))t
)
|y = −t.
Together with (7.5), (7.7), (7.8), and (7.9), we obtain
g(cS
1
(M)|X ) =
1 +
∑n
i=1 ai(−t)
i
1− t
=
(
cS
1
(M)|Y
)
|y = (1− t)
n mod tn,
which gives
1 +
n∑
i=1
ai(−t)
i = (1− t)n+1 mod tn.
From this formula, we can get ai for 1 ≤ i ≤ n − 1. Together with the
value of an and (7.7), we get (7.4) for c(X). The claim for c(Y ) follows
similarly. 
8. the integral cohomology ring and total Chern class of M
and the proof of Theorem 1.6
In this section, we first obtain H∗
S1
(M ;Z), H∗(M ;Z), cS
1
(M) and c(M),
then we prove Theorem 1.6.
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Proposition 8.1. Let (M,ω) be a compact symplectic manifold of dimen-
sion bigger than 4 admitting an effective Hamiltonian S1 action with moment
map φ such that MS
1
consists of two connected components X and Y with
dim(X) + dim(Y ) = dim(M). Assume [ω] is primitive integral,
Heven(X;Z) = Z[u]/u
1
2
dim(X)+1 and Heven(Y ;Z) = Z[v]/v
1
2
dim(Y )+1,
where u = [ω|X ] and v = [ω|Y ]. Then dim(X) = dim(Y ) = 2n > 2,
cS
1
(M) =
(1 + u˜)n+1(1 + t+ u˜)n+1
1 + t+ 2u˜
, and c(M) =
(1 + [ω])2n+2
1 + 2[ω]
.
Moreover, a basis of H∗
S1
(M ;Z) as an H∗(CP∞;Z)-module is:
u˜i ∈ H2iS1(M ;Z), and
u˜n+1(t+ u˜)i
t+ 2u˜
∈ H2n+2i
S1
(M ;Z), where 0 ≤ i ≤ n,
and
H∗(M ;Z) =
{
Z[x, y]/(xn+1 − 2xy, y2), if n is odd,
Z[x, y]/(xn+1 − 2xy, y2 − xny), if n is even,
where x = [ω] and deg(y) = 2n. In the above, u˜ is the class in Lemma 2.1.
Proof. By Proposition 5.1 and Theorem 1.5, the action is semifree, dim(X) =
dim(Y ) = 2n > 2, and
φ(Y )− φ(X) = 1.
First, we compute cS
1
(M) and c(M). We have
cS
1
(M)|X = c(X)c
S1(NX) and c
S1(M)|Y = c(Y )c
S1(NY ).
By Propositions 7.3, 5.1, Lemmas 2.6 and 2.1, we have
cS
1
(M)|X = (1 + u)
n+1 (1 + t+ u)
n+1
1 + t+ 2u
= (1 + u˜)n+1
(1 + t+ u˜)n+1
1 + t+ 2u˜
|X ,
and
cS
1
(M)|Y = (1 + v)
n+1 (1− t+ v)
n+1
1− t+ 2v
= (1 + u˜)n+1
(1 + t+ u˜)n+1
1 + t+ 2u˜
|Y .
Since the action is semifree, the map
(8.2) H∗S1(M ;Z)→ H
∗
S1(M
S1 ;Z)
induced by the inclusion is injective. Hence cS
1
(M) is as claimed. Since by
Lemma 6.1, H∗(MS
1
;Z) is torsion free, we have
(8.3) H∗(M ;Z) = H∗S1(M ;Z)/(t).
So c(M) = cS
1
(M)/(t) and it is as claimed. For the injectivity of (8.2) and
the claim (8.3), we refer to [5] and [9, Sec. 2].
Next, we find a basis for H∗
S1
(M ;Z) as an H∗(CP∞;Z)-module. First, by
Lemma 6.1,
H∗(X;Z) = Z[u]/un+1 and H∗(Y ;Z) = Z[v]/vn+1.
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By the method given in [5, 14], a way of getting a basis of H∗
S1
(M ;Z) as an
H∗(CP∞;Z)-module is as follows. For the basis {1, u, · · · , un} of H∗(X;Z)
and the basis {1, v, · · · , vn} of H∗(Y ;Z), there exists a basis of H∗
S1
(M ;Z)
as an H∗(CP∞;Z)-module:
αi ∈ H
2i
S1(M ;Z) such that αi|X = u
i, and
βi ∈ H
2n+2i
S1
(M ;Z) such that βi|X = 0, and βi|Y = v
ieS
1
(NY ), where 0 ≤ i ≤ n.
Since u˜i|X = u
i, we may take αi = u˜
i, ∀ 0 ≤ i ≤ n. Next, we find the βi’s.
By Proposition 5.1,
eS
1
(NY ) =
(−t+ v)n+1
−t+ 2v
.
We have (u˜+ t)i|Y = v
i. Notice that for ∀ 0 ≤ i ≤ n,(
u˜n+1(u˜+t)i
)
|X =
(
(2u˜+t)βi
)
|X = 0, and
(
u˜n+1(u˜+t)i
)
|Y =
(
(2u˜+t)βi
)
|Y .
By the injectivity of (8.2), we get
(8.4) u˜n+1(u˜+ t)i = (2u˜ + t)βi, ∀ 0 ≤ i ≤ n.
Hence we can express the βi’s as claimed.
Finally, we will find the ring H∗(M ;Z). By (8.3), the image of the basis
{αi, βi | 0 ≤ i ≤ n} under the restriction map
r : H∗S1(M ;Z)→ H
∗(M ;Z)
is a basis of H∗(M ;Z). We have
r(αi) = [ω]
i = xi, ∀ 0 ≤ i ≤ n, where x = [ω].
Let
r(β0) = y.
Then a basis of H∗(M ;Z) is
{1, x, · · · , xn, y, xy, x2y, · · · , xny}, where deg(y) = 2n.
Applying the map r on both sides of (8.4) for i = 0, we get the relation
xn+1 = 2xy.
We still need to find the relation between y2 and the top generator xny. For
this, we use Theorem 2.4 to integrate β20 on M :∫
M
β20 =
∫
M
y2 =
∫
X
β20 |X
eS1(NX)
+
∫
Y
β20 |Y
eS1(NY )
= 0 +
∫
Y
eS
1
(NY )
= (−1)n
∫
Y
(t− v)n+1
t− 2v
= (−1)n
1
t
∫
Y
(t− v)n+1
(
1 +
2v
t
+ · · · +
(2v
t
)n)
= (−1)n
1
t
∫
Y
(
tn+1−
(
n+ 1
1
)
tnv+· · ·+
(
n+ 1
n
)
(−1)ntvn
)(
1+
2v
t
+· · ·+
(2v
t
)n)
=
1 + (−1)n
2
.
22 HUI LI
Hence
H∗(M ;Z) =
{
Z[x, y]/(xn+1 − 2xy, y2), if n is odd,
Z[x, y]/(xn+1 − 2xy, y2 − xny), if n is even.

Now we can complete the proof of Theorem 1.6:
Proof of Theorem 1.6. (1) and (2) follow from Proposition 5.1, (3) follows
from Lemma 6.1, (4) and (5) follow from Proposition 8.1, and (6) follows
from Lemma 7.1 and Proposition 7.3. 
9. the ring H∗(M ;Z) determines the other data — proof of
Theorem 1.8
In this section, we prove Theorem 1.8.
Proposition 9.1. Let (M,ω) be a compact symplectic manifold admitting
a Hamiltonian S1 action such that MS
1
consists of two connected com-
ponents X and Y with dim(X) + dim(Y ) = dim(M). If H∗(M ;Z) ∼=
H∗
(
G˜2(R
2n+2);Z
)
as rings, then H∗(X;Z) ∼= H∗(CPn;Z) and H∗(Y ;Z) ∼=
H∗(CPn;Z) as rings, with the natural induced symplectic orientations on X
and Y .
Proof. Since H∗(M ;Z) ∼= H∗
(
G˜2(R
2n+2);Z
)
(as groups), and M is a com-
pact oriented manifold, we have dim(M) = 4n, and b2i(M) = 1 if 0 ≤ 2i ≤
4n and 2i 6= 2n, and b2n(M) = 2.
Let φ be the moment map and assume φ(X) < φ(Y ). Assume dim(X) >
dim(Y ), then dim(X) > 2n, so bdim(X)(M) = 1 by the first paragraph.
But, by (3.3) and the fact codim(Y ) = dim(X), we have bdim(X)(M) =
bdim(X)(X)+ 1 = 2, a contradiction. So dim(X) ≤ dim(Y ). Similarly, argue
using −φ, we have dim(Y ) ≤ dim(X). Hence dim(X) = dim(Y ) = 2n.
Using φ as a Morse-Bott function, since codim(Y ) = dim(X) = 2n, the
natural restriction map
H i(M ;Z)→ H i(X;Z)
is an isomorphism for all 0 ≤ i < 2n. If [ω] is primitive integral, then by
assumption, H∗(M ;Z) ∼= H∗
(
G˜2(R
2n+2);Z
)
has a subring Z[[ω]]/[ω]n+1 in
degrees less than 2n + 1. By the above isomorphisms, if u = [ω|X ], then
the degree less than 2n terms of H∗(X;Z) has the ring structure Z[u]/un.
If un is not a generator of H2n(X;Z), then aun, where 0 < a < 1, is a
generator. Since u ∈ H2(X;Z) is a generator, by Poincare´ duality, aun−1 ∈
H2n−2(X;Z) is a generator, a contradiction. Hence H∗(X;Z) = Z[u]/un+1.
Similarly, using −φ, we get that Y has the integral cohomology ring of
CPn. 
Now we can prove Theorem 1.8.
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Proof of Theorem 1.8. We may assume that [ω] is a primitive integral class.
Let u = [ω|X ] and v = [ω|Y ]. By Proposition 9.1, the assumption implies
that
H∗(X;Z) = Z[u]/un+1 and H∗(Y ;Z) = Z[v]/vn+1.
If dim(M) = 4n = 4, then X and Y are diffeomorphic to S2, so M is
diffeomorphic to an S2-bundle over S2. Since H∗(M ;Z) ∼= H∗(G˜2(R
4);Z),
M is diffeomorphic to S2 × S2. Since codim(X) = codim(Y ) = 2 and
the action is effective, the action must be semifree. Other claims naturally
follow.
For dim(M) > 4, the claims follow from Theorem 1.6. 
10. when the manifold is Ka¨hler — proof of Theorem 1.9
The proof of Theorem 1.9 uses Theorems 1.5, 1.6, 1.8 and the following
result which is part of [7, Prop. 4.2].
Proposition 10.1. Let (M,ω, J) be a compact Ka¨hler manifold of com-
plex dimension n, which admits a holomorphic Hamiltonian circle action.
Assume that [ω] is an integral class. If c1(M) = n[ω], then M is S
1-
equivariantly biholomorphic to G˜2(R
n+2), equipped with a standard circle
action.
Proof of Theorem 1.9. By Theorems 1.5, 1.6, and 1.8 (and Remark 1.7), any
of the conditions in Theorem 1.9 implies that c1(M) = 2n[ω] for a suitable
primitive integral Ka¨hler class [ω]. Then by Proposition 10.1, M is S1-
equivariantly biholomorphic to G˜2(R
2n+2), equipped with a standard circle
action.
Now, let
f : (M,ω, J)→
(
G˜2(R
2n+2), ω′, J ′
)
be the S1-equivariant biholomorphism. By rescaling the symplectic form
(in high dimension) or by changing the symplectic class (in dimension 4),
we may assume that ω and f∗ω′ represent the same cohomology class on
M . Then the family of forms ωt = (1 − t)ω + tf
∗ω′ on M , where t ∈
[0, 1], represent the same cohomology class. Now we show that each ωt is
nondegenerate. For any point x ∈ M , suppose X ∈ TxM is such that
ωt(X,Y ) = 0 for all Y ∈ TxM . In particular, if Y = JX, then ωt(X,JX) =
0. Using the facts ω(X,JX) ≥ 0, f∗(JX) = J
′f∗X, and ω
′(f∗X,J
′f∗X) ≥ 0,
we get X = 0. By Moser’s method [11], there exists an S1-equivariant
isotopy Φt such that Φ
∗
tωt = ω, in particular, Φ
∗
1f
∗ω′ = ω. So f ◦ Φ1 is the
S1-equivariant symplectomorphism we are looking for. 
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